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Abstract
In the paper we discuss propagation of light around Kerr black hole surrounded by non-magnetized
cold plasma with infinite conductivity. For that purpose, we use equations for propagation of light
rays obtained within Synge’s approach in the approximation of geometrical optics. We derive equation
of deviation of a ray propagating close to the reference ray, which is a generalization of the well-known
Jacobi equation, and use it to calculate the modification of angular distribution of stars observed close
to a black hole surrounded by plasma, compared to the uniform star distribution that would be seen
without black hole or plasma. We place the observer in the equatorial plane of the Kerr black hole and
try various choices of plasma distributions described by mathematically simple formulae. Key features
of star distribution on a local sky near the black hole are identified and the influence of plasma on
them is discussed.
Keywords: relativistic geometric optics in plasma, ray equation, ray deviation, star distribution
function
1 Introduction
The focus of our paper is the behavior of light rays in the vicinity of a rotating uncharged black hole
(BH) in the presence of plasma. Since the discovery of Kerr metric [1] in 1963, the behavior of light
rays around such BH has been intensively studied by many authors. Geodesics around the Kerr BH
were investigated for example in [2, 3] and detailed discussion of spherical orbits can be found in
[4]. For an observer at arbitrary position, some of the light rays are arriving “from the BH” (i.e. no
rays from distant stars can arrive from that direction), forming the apparent “shadow” of the BH.
The shape of the shadow was investigated in [5, 6]. For an observer close to the BH, the look of the
night sky is distorted due to the bending of the light rays. Such photographs were simulated in [7, 8]
using backward ray-tracing. Also, the appearance of the accretion disc around the BH, as seen by the
observer outside the disc, was studied numerically [7, 9, 10, 11].
The inclusion of optical effects of the plasma around the BH, potentially present in the form of
accretion disc, or a spherical cloud of dilute material gathered from cosmic environment, can be made
by utilizing Synge’s geometrical optics for an isotropic medium with non-unit index of refraction [12].
Lately, this approach is being intensively applied in many papers. Effects of plasma around a non-
rotating BH were investigated in [13, 14, 15, 16], including changes in deflection angle, shadow of the
BH, magnification factor in gravitational lensing etc., and additional effects arising in Kerr metric
were studied in [6, 17, 18, 19]. In particular, the influence of plasma on the apparent shadow of the
BH was explored in [6, 19, 20]. As it turns out, the whole influence of the plasma on light rays is
encoded in one function, the density of electrons, while the 4-velocity of plasma drops out of the
equations entirely. The most commonly used “toy models” for plasma distribution are homogeneous
plasma [14, 17, 19, 21, 22], singular and nonsingular isothermal sphere [13, 23] and a sphere with
power law distribution [13, 16, 17, 19, 20, 21, 22, 23, 24]. Also, it would be interesting to consider
disc-like distributions where the disc’s middle plane coincides with equatorial plane of the Kerr BH.
Realistic models of accretion discs are not commonly used because of their intricate nature, involving
discontinuities of various types and uncertainty in the vertical profile. The models also raise physical
questions about the validity of geometrical optics in a disc due to its optical thickness in most cases,
as well as its own radiation outshining any light rays from distant stars that would propagate through
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2 Equations of motion for light rays in the presence of plasma 2
it. The theoretical work on accretion discs is reviewed in [25]; the most popular models include thin
discs [26, 27, 28, 29], advection dominated discs [30, 31] and Polish doughnuts [32].
The body of the paper is divided into four sections. In the second section we rewrite Synge’s
equations into Lagrangian form, obtaining equations of motion (EoMs) for the light ray in plasma
with such parametrization that x˙µ coincides with the wave 4-vector. We build on this to derive
ray deviation equation (RDE), which is a generalization of equation of geodesic deviation known
from textbooks on general relativity. We also discuss the conservation laws for the case of Kerr
BH surrounded by stationary axially-symmetrically distributed non-gravitating plasma. In the third
section we introduce the star distribution function (SDF), which measures the angular dependence of
star density as viewed by an observer influenced by light bending in constrast to an observer who sees
homogeneous sky. In the fourth section we develop tools for calculating the SDF numerically, following
techniques from [7, 33, 34]. Furthermore, we discuss technical details of our calculations, including
observer specification, initial conditions, plasma distribution “toy models” and some specifics of our
code. In the fifth section we discuss various features of SDF as obtained in our calculations.
Throughout the paper we use the signature (− + ++) with Greek spacetime indices and Latin
spatial indices. Our other notations follow the textbook [35]: we use the symbols d for exterior
derivative, L for Lie derivative and ∇ for the metric-compatible, torsion-free covariant derivative,
and adopt “music notation” [ and ] for abstract lowering and rising of indices. We also utilize the
geometrized unit convention G = c = 1, and when considering Kerr geometry we set M (the mass of
Kerr black hole) = 1.
2 Equations of motion for light rays in the presence of plasma
2.1 Equation of motion for a single ray
Geometrical optics for isotropic media is developed in the book by Synge [12] in Hamilton – Jacobi
formalism. The basic object is the eikonal σ, which satisfies the equation
1
2
[gµν + (1− n2)V µmV νm]σ,µσ,ν = 0 (1)
where n is refraction index of the medium and Vm is its 4-velocity. In terms of the eikonal, the wave
4-vector at any given point is defined as k = ]dσ. For an observer carrying a clock, a ruler and a
protractor described by an orthonormal tetrad eaˆ, the components k
0ˆ = −e0ˆ · k and kiˆ = eiˆ · k give
us the frequency and the wave vector respectively, hence ∇Vmσ is minus the frequency as observed in
the medium rest frame.
The characteristics of the eikonal equation are called light rays and are given by the Hamilton
equations following from the Hamiltonian
H =
1
2
[k2 + (1− n2)(k · Vm)2] (2)
Since the Hamiltonian is independent on the parameter of the ray λ, it must be constant, and from
its definition it follows that its only physically acceptable value is H = 0.
The formula for the index of refraction of cold non-magnetized plasma with infinite conductivity
is (see for example [36])
n2 = 1− ω
2
pl
ω2
The plasma frequency ωpl can be expressed in terms of the number density of free electrons measured
in the plasma rest frame N(x) as ω2pl = e
2N(x)/(ε0me), and as seen from the formula for n, it places
a lower limit on the frequency ω of the wave measured in the plasma rest frame. The resulting
Hamiltonian for light rays in plasma is
H =
1
2
[k2 + ω2pl(x)] (3)
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Thus, the light ray propagating in plasma behaves in the approximation of geometrical optics as a
particle with non-zero rest mass that varies from point to point.
The form of the plasma Hamiltonian is familiar from analytical mechanics and could have been
obtained from the Lagrangian L = (1/2)[k2 − ω2pl(x)], hence the correct action for a light ray is
S[x] =
1
2
∫ λ2
λ1
[k2 − ω2pl(x)]dλ (4)
where we have chosen the parameter λ in such a way that k = d/dλ (the parameter is not the proper
time, the parametrization ensures that k is wave 4-vector). Equation of motion for a light ray is
obtained from the condition δS = 0 for an arbitrary variation such that the boundary points remain
stationary. This yields
Dk = −1
2
A (5)
where A is the gradient of ω2pl, A = ]dω2pl, and D = ∇k. As we can see, the ray deviates from the
geodesic in the direction of maximal decrease of plasma density. The conservation law H = const
following from the absence of λ in the Lagrangian allows only for H = 0 due to the eikonal equation.
The law describes the normalization of the wave 4-vector,
k2 = −ω2pl (6)
In the special case with ωpl = const we get geodesic motion of a massive particle with constant rest
mass. Cyclic coordinates give rise to additional conservation laws.
2.2 Equation of motion for infinitesimally close rays
Geodesic deviation
A powerful tool to describe a light beam (a bundle of nearby light rays) in vacuum is the Jacobi
equation a.k.a. equation of geodesic deviation
D2ξ = R(k, ξ)k
The equation describes evolution of the connecting vector ξ pointing from the reference geodesic to
a geodesic infinitesimally close to it. The vector k is the wave 4-vector, however, not timelike as
before but null, k2 = 0, and R is the curvature operator, R(A,B) = ∇A∇B − ∇B∇A − ∇[A,B].
The derivation of this equation can be found for example in [37] or [35]. The connecting vector is
supposed to be Lie-transported along the reference geodesic, Lkξ ≡ [k, ξ] = 0. The advantage of the
Jacobi equation is that it needs to be integrated only along the reference geodesic, but we gain also
information about the neighboring geodesics from it.
Ray deviation
Let us consider the action for rays in plasma (4), but for a nearby ray yµ = xµ+εξµ. The generalization
of the Jacobi equation in the presence of plasma reads
D2ξ = R(k, ξ)k − 1
2
]H(ξ, .) (7)
where H is the covariant Hessian matrix of ω2pl, H = ∇dω2pl; or in components, Hµν = (ω2pl);µν . The
derivation of this equation is discussed in the appendix A. The conservation law due to the absence
of λ in the Lagrangian governing the evolution of ξ yields
k ·Dξ + 1
2
ξ ·A = 0 (8)
Actually, the conservation law implies just that the expression on the left hand side is constant, but
the differentiation of the constraint (6) restricts the constant to be zero. If we choose an arbitrary
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observer with 4-velocity V , we can decompose Jacobi vector into its spatial and time component with
respect to that observer, and assuming V 6= Ck, the spatial part can further be decomposed into
longitudinal and transverse part w.r.t. the directional vector of the reference ray k (or alternatively,
the spatial part of this vector w.r.t. V ). The transverse part can be, under certain conditions, used
to measure the thickness of a narrow light beam.
Evolution of a narrow elliptical light beam
Consider a light beam with elliptical cross-section. EoMs for a reference ray and an adjacent ray
comprise a system of 8 second order ordinary differential equations (ODE), or equivalently 16 first
order ODE
Dx = k
Dk = −(1/2)A
Dξ = V
DV = R(k, ξ)k − (1/2)]H(ξ, .) (9)
Equation of ellipse can be written as ~r = ~a cosσ +~b sinσ with general vectors ~a and ~b (they can be
made orthogonal by shifting the parameter σ by the constant ρ such that tan(2ρ) = 2~a ·~b/(a2 − b2)).
To evolve the whole beam along the reference ray we plug this Ansatz into the equations for ray
deviation, i. e. for an arbitrary point at the boundary of the beam we write ξ = ξ(1) cosσ+ ξ(2) sinσ,
V = V(1) cosσ + V(2) sinσ and demand the EoMs to be valid for every σ. As a result we obtain the
equations for two ellipse-generating adjacent rays (k = 1, 2):
Dξ(k) = V(k) DV(k) = R(k, ξ(k))k − (1/2)]H(ξ(k), .)
Thus, determining the form of a beam requires integration of 24 equations (if we had at the beginning
a beam with elliptical cross section).
2.3 Conserved quantities
Kerr geometry has two cyclic coordinates t, ϕ, associated with Killing vectors ∂t, ∂ϕ. As a result,
in a stationary, axially symmetric plasma distribution where N = N(r, ϑ) we obtain two conserved
quantities for a light ray described by the action (4),
kt = ∂L/∂t˙ = −E
kϕ = ∂L/∂ϕ˙ = L (10)
These suggestively denoted constants represent (up to a multiplicative constant with the dimension
of ~) energy and angular momentum w.r.t. the axis of symmetry, as measured by the observer at rest
at infinity. Additional conservation laws can be derived from the two-ray action (A-1), assuming once
again stationary axially symmetric plasma distribution. The cyclic coordinates are explicitly visible
when the Lagrangian appearing in the action is written in the coordinate frame:
L = gµν x˙µξ˙ν + Γµνρx˙µx˙νξρ − 1
2
ξµAµ
The four coordinates that are absent here, hence are cyclic, are t, ϕ, ξt, ξϕ. The second pair yields the
conservation of kt, kϕ again, while the first pair results in additional conserved quantities
Pt = ∂L/∂t˙ = (Dξ)t + Γµtνkµξν = V · ∂t + k · ∇ξ∂t
Pϕ = ∂L/∂ϕ˙ = (Dξ)ϕ + Γµϕνkµξν = V · ∂ϕ + k · ∇ξ∂ϕ (11)
The coordinate-free formula is convenient for recalculation of the conserved quantities into an arbitrary
basis. Note that the existence of the second pair of conserved quantities comes from the fact that we
have two conserved quantities per ray.
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3 Jacobi map from the local sky to the celestial sphere
As an example let us choose the Kerr BH surrounded by plasma with negligible gravitational influence.
Relevant formulae for Kerr geometry are found in appendix B. Consider an observer outside of the
event horizon, characterized by their position P = (r0, ϑ0, ϕ0) and 4-velocity V ; moreover, suppose
they can observe the radiation only in a narrow band of frequencies centered around ωobs. The set
of all directions in which the observer can look is a unit sphere S2, which may be called the “local
sky” of the observer. The stars located far away from both the observer and the black hole can be
thought of as living on a sphere with large radius which we will call the “celestial sphere”. Denote the
coordinates on the local sky (ϑ¯, ϕ¯) and the coordinates on the celestial sphere (ϑ∞, ϕ∞) and define
Jacobi map J that assigns a point on the local sky to a point on the celestial sphere by evolving a
ray with initial frequency ωobs, which arrives to the observer from the direction given by the angular
coordinates (ϑ¯, ϕ¯), back in time according to the evolution equation (5):
J (ωobs, P,V ) : (ϑ¯, ϕ¯) 7→ (ϑ(λ = −∞), ϕ(λ = −∞))
The angles ϑ, ϕ appearing here are Boyer-Lindquist coordinates of the evolved ray. The definition only
works if the light ray actually reaches infinity; if it does not for some reason, e.g. because it arrives
“from the BH”, the corresponding point of Jacobi map remains undefined.
Suppose the stars are distributed uniformly on the celestial sphere. Consequently, the number of
stars seen in the solid angle dΩ∞ is dN = (Ns/4pi)dΩ∞, where Ns is the total number of stars on the
night sky. On the local sky, the distribution of stars will not be uniform due to the bending of the
light rays. Thus, it will have the form
dN =
Ns
4pi
ns(ϑ¯, ϕ¯)dΩ¯
The formula defines the function ns – the star distribution function (SDF) representing relative increase
in the angular density of stars in comparison to the uniform case. Rewriting dN in terms of dΩ∞ we
obtain
ns =
dΩ∞
dΩ¯
(12)
In the empty space without plasma, the SDF is identically equal to one. Using the Jacobi map we
can relate the two solid angles to each other,
dΩ∞ = sinϑ∞dϑ∞dϕ∞ = sinϑ∞|J |dϑ¯dϕ¯ = sinϑ∞
sin ϑ¯
|J |dΩ¯
where J is the Jacobian of the Jacobi map. Therefore, the SDF in the presence of a black hole and
plasma can be calculated as
ns =
sinϑ∞
sin ϑ¯
∣∣∣∣∂ϑ∞∂ϑ¯ ∂ϕ∞∂ϕ¯ − ∂ϕ∞∂ϑ¯ ∂ϑ∞∂ϕ¯
∣∣∣∣ (13)
However, this formula is not very suitable for numerical calculations. First, it contains derivatives
which are complicated to calculate numerically, since that would involve many integrations of the ray
evolution equation. Second, it contains the sine in the denominator which can be equal to zero. The
RDE offers also another way to calculate the SDF, as we will see later.
4 Numerical computation of SDF using LNRF
The following recipe is a modification of the procedure used by Thorne et al. [7], when calculating
shots for the movie Interstellar. We have modified the procedure to allow for a non-unit refraction
index. Also, we chose to do the calculations in the locally non-rotating reference frame (LNRF),
rather than adopting phasors (complex numbers) and adapted reference frame used there. The goal
is to find the SDF in Kerr geometry with various plasma distributions. We have written a program
integrating previously described equations of ray deviation to calculate the SDF. The program is
written in Python 3 and uses the integrator lsode for ODE from the package scipy.integrate.ode [38].
Some SDFs obtained by this method can be found in Appendix C.
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4.1 Specifics of the program
We have numerically calculated the SDFs as seen by an observer orbiting the Kerr black hole in the
equatorial plane, possibly in the presence of plasma. We have left the following parameters free:
the Kerr parameter a, the radial coordinate of the observer r0, the orbiting velocity of the observer
as measured in the LNRF B, the observational frequency as measured by the observer ωP , and the
plasma distribution ω2pl(r, ϑ) (we assumed it is smooth enough, so that the light does not refract by a
finite angle after passing an infinitesimal distance along its path). Due to the mirror symmetry w.r.t
the equatorial plane, it was sufficient to calculate the star distribution in the lower hemisphere w.r.t.
the equatorial plane (the surface ϕ¯ ∈ [0, pi], see figure 1).
At the observer’s local sky, we have set up a grid of angles from the interval (ϑ¯, ϕ¯) ∈ [0, pi]× [0, pi].
Due to the method of calculation used, the accuracy of the values obtained at individual elements
of the grid was independent from the size of the grid, which determined only the resolution of the
final figure. In our calculation we could set the size of the grid independently in ϑ¯ and ϕ¯ directions.
To obtain the SDF for each point of the grid, we have numerically integrated the RDE (twice) and
then computed the value of the SDF using the formula (16). The numerical integration was the most
time-consuming process, therefore the calculation time has increased roughly linearly with the grid
size. To decide when (if at all) the ray reached infinity, we have defined the “numerical infinity”
at r∞ = 10, 000. We have also set the maximum value of the affine parameter allowed for a ray to
λmax = 5 × 105ω−1P . Rays that did not reach r∞ before the parameter has assumed this value, or
entered the event horizon in the meantime, were assigned blue color in the final picture (meaning
undefined ns). Note that in vacuum there also exists a more sophisticated criterion determining when
the rays escape to infinity, which can be found e.g. in [7].
We have displayed the SDFs in figures consisting of two circles, which represent the “inner” and
“outer” hemisphere oriented towards and away from the black hole respectively. The values of SDF
were color-coded into a hybrid linear (nS ∈ [0, 3]) and segmented (nS > 3) colormap, since SDF tends
to diverge when approaching the BH’s shadow and the resulting large values in a small region around
the shadow would mess up the color-coding of the rest of the picture on a purely linear colormap.
4.2 Initial conditions
Initial conditions for the reference ray
Consider an observer at an event P orbiting in the equatorial plane of the Kerr black hole with the
velocity with respect to the LNRF −1 < B < 1, and introduce two orthonormal bases along the
observer’s worldline, the LNRF basis (etˆ, erˆ, eϑˆ, eϕˆ) and the observer basis (Et = V ,Er,Eϑ,Eϕ).
The components of the 4-velocity of the observer V as measured in the LNRF are given by the
special relativistic formula V µˆ = γ(B)(1, 0, 0, B), where γ(B) = (1 − B2)−1/2 is the Lorentz factor.
Correspondingly, ea
tˆ
= γ(B)(1, 0, 0,−B), which reflects the fact that the LNRF moves w.r.t. the
observer P with the velocity −B. The complete set of transformation relations is given by the boost
formulae (perpendicular vectors do not change and the fourth vector is just a normalized combination
of the original vectors orthogonal to the first one):
etˆ = γ(B)(Et −BEϕ) erˆ = Er eϑˆ = Eϑ eϕˆ = γ(B)(−BEt + Eϕ) (14)
In the instantaneous physical 3-space of the observer P , standard spherical coordinates (ϑ¯, ϕ¯) are
introduced using the correspondence (Eϕ, Eϑ,−Er)↔ (x, y, z) (the zenith angle ϑ¯ is measured from
the radial direction pointing to the black hole and the azimuthal angle ϕ¯ is measured from the vector
Eϕ in the clockwise direction w.r.t. Er, see figure 1).
In the observer’s frame, the wave 4-vector of the reference ray is initialized as ka = ωP (1,−nP~n),
where ~n = (−cϑ¯, sϑ¯sϕ¯, sϑ¯cϕ¯) is the unit vector in the direction in which the observer is looking (the
photon is heading in the opposite direction, hence the extra minus sign) and nP =
√
1− ω2pl/ω2P is the
index of refraction at the point where the observer is located. After initialization, we have to integrate
towards negative values of the affine parameter (into the past).
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Fig. 1: Definition of observer’s angles ϑ¯, ϕ¯
Initial conditions for the beam
All rays of the beam are focused at the point P at λ = 0 and spread into a circular beam, seen by
the observer within the solid angle dΩP at λ = −dλ. Focusing of the beam implies initial conditions
(ICs) ξ(k)(0) = 0 and spreading of the beam into the solid angle dΩP suggests V(k)(0) = ξ˙(k)(0) with
ξ(−dλ) = −(V(1)(0) cosσ +V(2)(0) sinσ)dλ. The spatial part of the 4-vectors V(k) is supposed to be
two independent vectors ~V(k) perpendicular to ~n and to each other (in the sense of the induced 3-metric
w.r.t. VP ), which have both the magnitude R, therefore the radius of the circle as measured from
P is3 Rdλ. The radius of the circle enters ICs via pi2R2dλ2 = dr2dΩP = ω
2
Pn
2
Pdλ
2dΩP , therefore
R = −1ωPnP
√
dΩP /pi. The time component of the vector V is given by the condition k ·V = 0 (see
(8)), and it vanishes, Vt(k)(0) = 0, for our choice of spatial ICs.
Initialization of differential equations
At the point P , 10 dynamic variables entering the evolution equations must be initialized together
with 3 required conserved quantities. Position of the central ray is initialized by the choice of the point
P somewhere in the equatorial plane (and above the event horizon), (r0, ϑ0) = (rP , pi/2). Vector ξ
is initially zero in the frame of the observer P with our choice of ICs, therefore it is zero in any
other frame too. The wave 4-vector, for both the reference ray and the adjacent ray, needs to be
transformed from the observer’s frame to LNRF, which can be done by using inverse transformation
to the transformation (14). To determine the conserving constants we must further pass from LNRF
to the coordinate basis; for that purpose, use (B-2) and the fact that covector components transform
like basis vectors. Finally, notice that Pϕ = Vϕ0 thanks to our choice of ICs. Below we give the full
list of ICs expressed in terms of the parameters ωP , ϕ¯, ϑ¯, R = 
−1ωPnP
√
dΩP /pi and the two ellipse-
generating vectors ~b(k), which are unit 3-vectors perpendicular to ~n(ϑ¯, ϕ¯) (they can also be chosen to
be perpendicular to each other, ~b(1) ·~b(2) = 0):
r0 = rP
ϑ0 = pi/2
krˆ0 = ωPnP cϑ¯
kϑˆ0 = −ωPnP sϑ¯sϕ¯
ktˆ0 = γ(B)ωP [1−BnP sϑ¯cϕ¯]
kϕˆ0 = γ(B)ωP [B − nP sϑ¯cϕ¯]
ξ tˆ0 = ξ
rˆ
0 = ξ
ϑˆ
0 = ξ
ϕˆ
0 = 0
V rˆ0 = Rbr˜
V ϑˆ0 = Rbϑ˜
Pϕ = ω¯γ(B)Rb
ϕ˜
ε = αktˆ0 + ωω¯k
ϕˆ
0
L = ω¯kϕˆ0
(15)
3  comes from our convention that the connecting vector points to an infinitesimally close point, yµ = xµ + ξµ
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where α, ω and ω¯ are defined in the appendix B. Note that the EoMs (B-1) are invariant w.r.t. the
rescaling x 7→ x, k 7→ Kk, ωpl 7→ Kωpl, λ 7→ K−1λ, ξ 7→ Qξ, V 7→ KQV . This means that we can
freely choose the “typical scale” for k and ξ without the necessity to change the equations in any way.
A good choice is K = ωP and Q = R/ωP , since it removes the superfluous factors from the ICs.
4.3 Evaluation of SDF
Provided the plasma density gradient falls to zero sufficiently fast when r → ∞, the reference ray
4-velocity at λ = −∞ equals the wave 4-vector of radially incoming ray, kµˆ = ω∞(1,−n∞, 0, 0). The
cross-sectional area of the beam is therefore measured in the Span(eϑˆ, eϕˆ) plane. Using the Thorne’s
approach [7] we write the major and minor angular semiaxis of the ellipse as δ± = −dY±/dr, where
Y± is the major and minor linear semiaxis of the ellipse. Since ξ(1) is in general not perpendicular to
ξ(2), it is more convenient (following [7]) to use the description in which the ellipse is encoded in the
complex variable ζ = ξϑˆ + iξϕˆ. It holds
ζ =
1
2
{[
(ξϕˆ(2) + ξ
ϑˆ
(1)) + i(ξ
ϕˆ
(1) − ξϑˆ(2))
]
eiσ +
[
(ξϑˆ(1) − ξϕˆ(2)) + i(ξϕˆ(1) + ξϑˆ(2))
]
e−iσ
}
≡ 1
2
(κeiσ + µe−iσ)
and, consequently, Y± = 12 |
√
κκ∗ ± √µµ∗| (the major and minor semiaxis arises as the constructive
and destructive sum of the phasors respectively). Also, if we notice that at infinity ξµˆ(k) ≈ V µˆ(k)λ and
dr ≈ −ω∞n∞dλ, we find
δ± =
1
2
1
n∞ω∞
|√κVκ∗V ±√µVµ∗V |
where the subscript V means that we have to replace all ξ’s with V ’s in the definitions of the corre-
sponding variables. The last step is evaluating dΩ∞ = piδ+δ−. From the expression for δ± it follows
dΩ∞ =
pi
n2∞ω2∞
|V ϑˆ(1)V ϕˆ(2) − V ϑˆ(2)V ϕˆ(1)|
and if we insert dΩ¯ = dΩP into the definition of SDF and denote V˜ = V/R, we obtain
nS =
n2Pω
2
P
n2∞ω2∞
|V˜ ϑˆ(1)V˜ ϕˆ(2) − V˜ ϑˆ(2)V˜ ϕˆ(1)| (16)
4.4 Plasma distribution
In our calculations we have used various “toy models” of the plasma distribution, all of which can be
found in the literature except for the last one which we have proposed ourselves. The advantage of
these models is their smoothness, as well as the fact that the derivatives of the plasma density can
be expressed analytically. The most trivial case is vacuum with ρ = 0. Another simple case is the
distribution ρ = const, when the ray equation coincides with the equation for a massive particle in
vacuum. A model often used in the literature [13, 23] is the non-singular isothermal sphere (NSIS),
defined as
ρ =
K
r2 + r2c
(17)
where K and rc are positive constants. The same model with rc = 0 is called the singular isothermal
sphere [13, 23]. In Newtonian gravity, such sphere can be obtained as a solution for a static non-rotating
self-gravitating gas cloud with the same temperature of the gas everywhere, supported against the
collapse solely by the pressure gradient. Finally, as a disc-like distribution we have used a non-singular
isothermal sphere modified by a function that flattens the distribution towards the equatorial plane.
ρ =
K
r2 + r2c
exp
[
−(ϑ− pi/2)
2
s2
]
(18)
where the parameter s determines the magnitude of flattening.
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5 General features of SDFs
We have investigated four plasma distributions, namely no plasma, homogeneous plasma, NSIS (dis-
tribution (17)) and flattened NSIS (distribution (18)). The 4-velocity of the plasma was not important
since it vanishes from the equations. We have chosen the locally non-rotating family of observers, since
they filter out the special relativistic effects as much as possible and exist also near the event horizon
(contrary to the static observers who become tachyonic inside ergosphere). In addition to that, we
have limited ourselves to the observers located in the equatorial plane. The main properties of the
SDFs obtained in this way are:
a) no plasma: it is well known that purely gravitational bending of light is achromatic (frequency
independent), hence the SDF is independent of ωobs in the case with no plasma. Far from the black
hole, the SDF is close to one in almost all directions, it changes rapidly only in the vicinity of the
black hole shadow, decreasing to zero at Einstein’s ring and diverging at the edge of the shadow.
The steep rise of the SDF near the shadow is caused by the multiple image generation by the BH.
In fact, the SDF oscillates between zero and large values infinitely many times when approaching the
shadow, but in the calculations presented here we do not see this behaviour due to low resolution. As
we approach the BH, the behavior of the SDF stays qualitatively the same, but its features become
more pronounced. Non-zero spin of the BH introduces asymmetry in SDF w.r.t. the azimuthal
direction, with slightly greater values of SDF in the prograde direction. In particular, near the BH
the outward-facing maximum of SDF is visibly shifted from ϑ¯ = pi in the prograde direction if the BH
is rotating (see fig. 2). As the observer approaches the event horizon, the BH shadow becomes ever
more pronounced, eventually encompassing the whole sky.
b) homogeneous plasma: in this case, the light rays behave as massive test particles in Kerr
geometry. Recalling that kµˆ = ωobs(1,−nobs~n), we see that nobs plays the role of launching velocity
and ωobs is, modulo factor 1/ωpl, the launching Lorentz factor. If at least some rays are to reach
infinity, the launching velocity must exceed the escape velocity, ωobs > ωmin > ωpl(robs). Thus, the
SDF acquires a new property: the night sky is not visible below ωmin. In case of rotating BH or a
boosted frame, the escape energy exhibits non-trivial dependence on the launching direction. Finally,
in the limit of large launching velocity, ωobs  ωpl(robs), we regain the vacuum picture.
c) non-singular isothermal sphere: the r-dependence of NSIS leads to radial acceleration, pushing
the light rays away from the BH (see fig. 10 c)). This fights the gravitational pull of the black hole
and may result in erasing the black hole shadow from the night sky entirely.
d) flattened NSIS: the disc-like shape of this distribution causes an additional deviation of the
acceleration of rays from radial direction: the rays are pushed away from the equatorial plane (see
fig. 10 d)). As a consequence, the number of rays the observer receives when looking in equatorial
plane directions is hugely enhanced and SDF gets large values in these directions, fading fast to nearly
zero in most of the non-equatorial-plane directions. This model is complicated enough to cause that
in the hemisphere facing the BH a quite complex pattern emerges as a result of the struggle between
attraction from gravitation and repulsion from plasma (see fig. 5). In both NSIS distributions, the
effects of plasma are negligible when ωobs  ωpl(robs) just like in the constant distribution.
Besides the plasma distribution, the form of SDF is influenced by other circumstances such as
BH rotation, observer’s location and observer’s velocity. Rotation of black hole introduces asymmetry
between prograde and retrograde direction at any spatial point outside the axis of rotation, and as a
result, in case with no plasma the rays evolving forward (backward) in time are pulled in prograde
(retrograde) direction. Thus, in our case the rays become more squashed together in prograde direction
and we obtain greater SDF there (this is a naive opinion on the issue which seems to be confirmed
by numerical calculation). An observer boosted by a significant fraction of speed of light in a certain
direction sees the light rays pulled towards each other in that direction due to the special relativistic
aberration of light, hence if the plasma is absent, SDF rises there. Also the BH shadow is pulled in that
direction. These effects are modified in the presence of plasma. The situation gets more complicated,
since the evolution of rays is now dependent on ωobs in addition to their direction. Therefore the
set of rays used to calculate SDF for unboosted observer does not coincide with the set of rays used
to calculate SDF for the boosted observer (this fact can be ignored in vacuum due to achromaticity
of the light bending). Thus, there is no direct relation between SDF of two observers moving w.r.t.
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each other. Let us just note that at large distances from the BH, effects of gravitational pull are
severely suppressed except for a narrow region around the BH shadow, while the optical effects of
plasma may still be important depending on the plasma distribution. However, in the distributions
primarily concentrated around the BH these effects are also suppressed everywhere except nearby the
BH shadow. On the other hand, if the observer is very close to the BH, the gravitational pull dominates
on a large portion of the night sky, leaving only a small part of the sky with well defined SDF that
can be influenced by the presence of plasma. The influence is not easy to predict, the analysis being
complicated by the fact that we do not have an analogue of Carter constant for a generic plasma
distribution, only for distributions fulfilling certain additional conditions [6, 17, 18, 19].
6 Conclusion
We have discussed some theoretical aspects of general relativistic geometrical optics in plasma, in
particular, we have provided a simple derivation of RDE which was, to our knowledge, not presented in
the literature before. We have also discussed conservation laws and normalization constraints, writing
them in a covariant way. We have then introduced the concept of SDF and calculated numerically
the SDFs in various cases. To do that, we have converted the EoMs for the reference ray, as well
as the RDE, into a set of first order ODE. This allowed us to calculate the SDF point by point,
in contrast to constructing a network of reference rays and computing the derivatives numerically,
which would be certainly less exact, especially for rays that undergo several revolutions around the
BH before escaping to infinity. The SDF was calculated for several different plasma distributions:
the vacuum (no plasma), the homogeneous plasma, the NSIS and the flattened (disc-like) NSIS. We
have discussed also the dependence of SDF on some other parameters, namely the distance of the
observer from the BH, the observational frequency and the spin of the BH. In future work there are
several directions which appear worth to follow. First, it would be interesting to calculate the damping
effect of plasma on the light beam, the most dominant effect being probably the Thompson scattering.
Second, we would like to look at the SDF of an observer outside the equatorial plane, which requires
only slight modification of the initial conditions. Finally, it would be interesting to calculate the light
curves of a distant star seen by a distant observer on the other side of the BH, when the incoming
light is influenced simultaneously by the gravitational field of the BH and the refraction index of the
surrounding plasma. Obviously, this is only interesting if the plasma itself is not shining significantly,
so that it does not outshine the light from the distant star.
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A Efficient variation procedure for the two-ray action
Consider the action (4) for a reference ray xµ(λ) and a neighboring ray yµ(λ) lying in the close vicinity
of it. We can write yµ = xµ+ εξµ, where ε is a positive parameter 1 and ξ is the connecting vector.
Expand the action for the neighboring ray to the first order in ε,
S[y] ' S[x] + ε
∫ λ2
λ1
(
k · ∇kξ − 1
2
ξ · ]dω2pl
)
dλ
When rewriting the integral, we started from the equality 4[k, ξ] = 0 at x(λ), which holds because ξ
closes by definition a 4-sided polygon with k, and we used its consequence, the equality ∇ξk = ∇kξ,
implied by vanishing of the torsion tensor. Demanding both x and y to obey the EoM for a ray
4 The equality just states that the connecting vector is Lie-transported along the reference ray, Lkξ|x(λ) = 0. The
same formula is used in the derivation of Jacobi equation.
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suggests a variational principle for the second term on the r.h.s., with the boundary values of both x
and ξ fixed. Thus, we can introduce the action for ray deviation:
ψ[x, ξ] =
∫ λ2
λ1
(
k · ∇kξ − 1
2
ξ · ]dω2pl
)
dλ ≡
∫ λ2
λ1
Ldλ (A-1)
The first term is the action for the equation of geodesic deviation a.k.a. Jacobi equation (similar term
is proposed e.g. in [39, 40]), while the second term introduces plasma on the scene. Let us write the
x-variations as x + εX and the ξ-variation as ξ + εη, where X ,η are vector fields vanishing at the
boundaries. Since we need to go only to the first order in ε, we can discuss these variations separately.
First consider the ξ-variation. It holds
L(x, ξ + εη)− L(x, ξ) = ε
(
k · ∇kη − 1
2
η · ]dω2pl
)
=ˆ− εη ·
(
∇kk + 1
2
]dω2pl
)
where we introduced the effective equality =ˆ in which the terms with the total derivative (terms of
the form ∇k(...)) are dropped. The variation yields yet again the evolution equation for the reference
ray,
∇kk = −1
2
]dω2pl (A-2)
Now let us proceed to the variation w.r.t. x. We will use the covariant variation rather than the
standard one5. Also, it is useful to realize that the commutation relations allow us to swap ∇kξ for
∇ξk and ∇kX for ∇Xk. The geometric part of the Lagrangian varies as follows:
ε−1δxLgeom = ∇X (k · ∇kξ) = (∇kX ) · (∇kξ) + k · ∇X∇kξ
=ˆ−X · ∇2kξ + k · ∇k∇X ξ + k ·R(X ,k)ξ
=ˆ−X · ∇2kξ − (∇kk) · (∇X ξ) +X ·R(k, ξ)k
=ˆ−X · [∇2kξ −R(k, ξ)k +Ageom]
where Ageom is an auxiliary vector defined as Ageom = ][(∇kk) · (∇ξ)]. The Riemann curvature
operator R(U ,V ) = ∇U∇V − ∇V∇U − ∇[U ,V ] was introduced in order to rearrange the covariant
derivatives, and in the course of calculation the identity k · R(X ,k)ξ = X · R(k, ξ)k, which follows
from the symmetry of the Riemann tensor w.r.t. the interchange of the pairs of indices, was used. Let
us now determine the x-variation of the plasma term:
ε−1δxLplasma = −1
2
∇X (ξ · ]dω2pl) = −X ·
[
1
2
ξ · ∇(]dω2pl) +Aplasma
]
where Aplasma = ][(1/2)(]dω
2
pl) · (∇ξ)]. Collecting all terms we get:
ε−1δxL = −X ·
[
∇2kξ −R(k, ξ)k +
1
2
]∇dω2pl(ξ, .) +A
]
where we have isolated the auxiliary term A = Ageom +Aplasma, which appears as a consequence of
using the covariant variation and vanishes on the extremal due to the ray equation (A-2). Finally,
using the definition of the covariant Hessian matrix we arrive at the ray deviation equation,
∇2kξ = R(k, ξ)k −
1
2
]H(ξ, .) (A-3)
5 The difference is that the covariant variation will also cause a change in ξ, but this change is dependent on the
x-variation and will drop out eventually due to the ray equation.
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Equations of motion for adjacent ray in LNRF
Here we give the “totally unpacked version” of equations of motion:
r˙ = (
√
∆/ρ)krˆ
ϑ˙ = (1/ρ)kϑˆ
k˙rˆ = −12Arˆ −Kkrˆkϑˆ − Lkϑˆkϑˆ + Iktˆktˆ −Mkϕˆkϕˆ + 2Oktˆkϕˆ
k˙ϑˆ = −12Aϑˆ +Kkrˆkrˆ + Lkrˆkϑˆ + Jktˆktˆ −Nkϕˆkϕˆ + 2Pktˆkϕˆ
•ktˆ = (1/α)(ε− ωL)
•kϕˆ = L/ω¯
ξ˙ tˆ = V tˆ +O(krˆξϕˆ + kϕˆξrˆ) + P (kϑˆξϕˆ + kϕˆξϑˆ) + Iktˆξrˆ + Jktˆξϑˆ
ξ˙ϕˆ = V ϕˆ +O(krˆξ tˆ − ktˆξrˆ) + P (kϑˆξ tˆ − ktˆξϑˆ) +Mkϕˆξrˆ +Nkϕˆξϑˆ
ξ˙rˆ = V rˆ +O(kϕˆξ tˆ + ktˆξϕˆ) + Iktˆξ tˆ −Mkϕˆξϕˆ −Kkrˆξϑˆ − Lkϑˆξϑˆ
ξ˙ϑˆ = V ϑˆ + P (kϕˆξ tˆ + ktˆξϕˆ) + Jktˆξ tˆ −Nkϕˆξϕˆ +Kkrˆξrˆ + Lkϑˆξrˆ
V˙ rˆ = −Q1kϑˆ(krˆξϑˆ − kϑˆξrˆ)−Q2kϑˆ(ktˆξϕˆ − kϕˆξ tˆ)−Q1(c1ktˆ − Skϕˆ)(krˆξ tˆ − ktˆξrˆ)
+Q1(Sk
tˆ − c2kϕˆ)(krˆξϕˆ − kϕˆξrˆ) +Q2(Sktˆ − c2kϕˆ)(kϑˆξ tˆ − ktˆξϑˆ)
−Q2(c1ktˆ − Skϕˆ)(kϑˆξϕˆ − kϕˆξϑˆ)− 12
(
Hrˆrˆξrˆ +Hrˆϑˆξϑˆ
)
+O(kϕˆV tˆ + ktˆV ϕˆ) + IktˆV tˆ −MkϕˆV ϕˆ −KkrˆV ϑˆ − LkϑˆV ϑˆ
V˙ ϑˆ = Q1krˆ(krˆξϑˆ − kϑˆξrˆ) +Q2krˆ(ktˆξϕˆ − kϕˆξ tˆ) +Q2(Sktˆ − c1kϕˆ)(krˆξ tˆ − ktˆξrˆ)
−Q2(c2ktˆ − Skϕˆ)(krˆξϕˆ − kϕˆξrˆ) +Q1(c2ktˆ − Skϕˆ)(kϑˆξ tˆ − ktˆξϑˆ)
−Q1(Sktˆ − c1kϕˆ)(kϑˆξϕˆ − kϕˆξϑˆ)− 12
(
Hϑˆrˆξrˆ +Hϑˆϑˆξϑˆ
)
+P (kϕˆV tˆ + ktˆV ϕˆ) + JktˆV tˆ −NkϕˆV ϕˆ +KkrˆV rˆ + LkϑˆV rˆ
•V ϕˆ = (1/ω¯)Pϕ −M(krˆξϕˆ − kϕˆξrˆ)−N(kϑˆξϕˆ − kϕˆξϑˆ)−O(ktˆξrˆ − krˆξ tˆ)− P (ktˆξϑˆ − kϑˆξ tˆ)
•V tˆ = (1/ktˆ)
[
V rˆkrˆ + V ϑˆkϑˆ + V ϕˆkϕˆ + 12(ξrˆArˆ + ξϑˆAϑˆ)
]
The equations marked with the bullet are algebraic rather than differential and come from the con-
servation laws. The unknown symbols on the right hand sides encode Kerr geometry and plasma
distribution and are defined in the following two paragraphs.
The complete set of equations comprises 10 differential and 4 algebraic equations which are to be
solved twice for every reference ray (since the ellipse is generated by two vectors ξ(k))
6. There are
also optional evolution equations for temporal and azimuthal coordinate, t˙ = gtAkA and ϕ˙ = g
ϕAkA,
which may be added to the list to obtain the complete set of 16 equations of motion. Note, that
Boyer-Lindquist coordinates are ill-defined on north/south pole. This can cause problems, if we try
to integrate the system of rays with the reference ray crossing one of the poles (rays with L = 0). The
equations for reference ray cope with this problem by letting ϑ escape from the interval [0, pi] and the
equations for neighbouring ray blow up because of term Pϕ/ω¯, so it is generally good idea to avoid
integrating these rays when calculating SDF. Rays closely passing the poles may also occasionally
suffer from numerical problems, see e.g. blue spots on fig. 5 near values ϕ¯ = pi/2, 3pi/2.
Kerr geometry
Kerr metric in the Boyer–Lindquist coordinates, in the notations adopted from Thorne et al. [7], is:
ds2 = −α2dt2 + ω¯2(dϕ− ωdt)2 + ρ
2
∆
dr2 + ρ2dϑ2 (B-1)
where ∆ = r2 − 2r + a2, ρ2 = r2 + a2 cos2 θ and
α =
ρ
√
∆
Σ
ω =
2ar
Σ2
ω¯ =
Σ sinϑ
ρ
Σ2 = (r2 + a2)2 − a2∆ sin2 ϑ
6 Alternatively, we can solve 6 + 16 equations simultaneously, should it prove to be faster. In fact, this is how we
proceeded.
B Explicit formulae for RDE integration in Kerr geometry in LNRF 13
In this form an orthonormal covector basis (ωtˆ,ωtˆ,ωϑˆ,ωϕˆ) arises naturally. The corresponding vec-
tor basis (etˆ, erˆ, eϑˆ, eϕˆ), carried by zero angular momentum observers, is called locally non-rotating
reference frame (LNRF). The two bases are:
ωtˆ = αdt
ωrˆ = (ρ/
√
∆)dr
ωϑˆ = ρdϑ
ωϕˆ = ω¯(dϕ− ωdt)

etˆ = (1/α)(∂t + ω∂ϕ)
erˆ = (
√
∆/ρ)∂r
eϑˆ = (1/ρ)∂ϑ
eϕˆ = (1/ω¯)∂ϕ
(B-2)
Connection forms ωµˆνˆ ((ωµˆνˆ)λˆ = Γµˆνˆλˆ, where hatted indices refer to LNRF) are:
ωtˆrˆ = Ie
tˆ +Oeϕˆ
ωtˆϑˆ = Je
tˆ +Peϕˆ
ωtˆϕˆ = Oe
rˆ +Peϑˆ
ωrˆϑˆ = Ke
rˆ +Leϑˆ
ωrˆϕˆ = −Oetˆ +Meϕˆ
ωϑˆϕˆ = −Petˆ +Neϕˆ
where ωνˆµˆ = −ωµˆνˆ and
I = −α,r
α
√
∆
ρ
= − 1
ρ3
√
∆Σ2
{r∆Σ2 + Σ2ρ2(r − 1)− ρ2∆[2r(r2 + a2)− a2s2(r − 1)]}
J = −α,ϑ
α
1
ρ
=
sca2
ρ3Σ2
(Σ2 − ρ2∆)
K =
ρ,ϑ
ρ2
= −a
2sc
ρ3
L = −ρ,r
√
∆
ρ2
= −r
√
∆
ρ3
M = − ω¯,r
ω¯
√
∆
ρ
= −
√
∆
Σ2ρ3
{ρ2[2r(r2 + a2)− a2s2(r − 1)]− rΣ2}
N = − ω¯,ϑ
ω¯
1
ρ
= − c
sΣ2ρ3
(Σ2ρ2 − a2s2ρ2∆ + a2s2Σ2)
O = − ω¯ω,r
√
∆
2αρ
= − as
Σ2ρ3
[Σ2 − 4r2(r2 + a2) + 2a2s2r(r − 1)]
P = − ω¯ω,ϑ
2αρ
= −2a
3s2cr
√
∆
Σ2ρ3
We have used the abbreviations s = sinϑ and c = cosϑ. The formulae can be looked up in [41] or
obtained directly by solving Cartan’s structure equations (to be found e.g. in [35]).
The LNRF curvature tensor Rµˆνˆκˆλˆ, as computed in [41], is
Rµˆνˆκˆλˆ =

−c1Q1 SQ2 0 0 −SQ1 c1Q2
c2Q1 0 0 c2Q2 SQ1
Q1 −Q2 0 0
−Q1 0 0
−c2Q1 SQ2
c1Q1

where the pairs of indices (µˆνˆ) and (κˆλˆ) assume values (tˆrˆ), (tˆϑˆ), (tˆϕˆ), (rˆϑˆ), (rˆϕˆ) and (ϑˆϕˆ) (in this
order), and
Q1 =
r(r2 − 3a2c2)
ρ6
Q2 =
ac(3r2 − a2c2)
ρ6
S =
3as
√
∆(r2 + a2)
Σ2
c1 =
2 + z
1− z c2 =
1 + 2z
1− z z =
∆a2s2
(r2 + a2)2
The matrix is symmetric because of the symmetry of Rµˆνˆκˆλˆ in the pairs of indices.
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Plasma description
In our calculations we have restricted ourselves to stationary, axially symmetric plasma distributions,
ω2pl = ω
2
pl(r, ϑ). Gradient of the function ω
2
pl is dω
2
pl = Arˆerˆ +Aϑˆeϑˆ, where Arˆ = (
√
∆/ρ)(ω2pl),r and
Aϑˆ = (1/ρ)(ω2pl),ϑ. The Hessian matrix can be easily calculated using the formula
Hµˆνˆ = (∇dω2pl)µˆνˆ = 〈∇νˆdω2pl, eµˆ〉 = ∇νˆ〈dω2pl, eµˆ〉 − 〈dω2pl,∇νˆeµˆ〉
The matrix is symmetric and it has only 6 nonzero components:
Htˆtˆ = IArˆ + JAϑˆ
Hrˆrˆ = (
√
∆/ρ)Arˆ,r +KAϑˆ
Hϑˆϑˆ = (1/ρ)Aϑˆ,ϑ − LArˆ
Hϕˆϕˆ = −MArˆ −NAϑˆ
Htˆϕˆ = OArˆ + PAϑˆ
Hϑˆrˆ = (
√
∆/ρ)Aϑˆ,r −KArˆ
C Numerical results
To illustrate the general features of the star distribution function discussed in the text, let us present
here some example figures with our results.
Fig. 2: SDF as measured by the LNRF observer in vacuum, r=3.5, a=0.99
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Fig. 3: SDF as measured by the LNRF observer in plasma, r=3.5, a=0.99, ωobs/ωpl = 2, plasma
distribution is homogeneous (the value of ωpl can be scaled away)
Fig. 4: SDF as measured by the LNRF observer in plasma, r=3.5, a=0.99, ωobs/ωpl = 1.1, plasma
distribution is NSIS with rc = 1 (the value of K can be scaled away)
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Fig. 5: SDF as measured by the LNRF observer in plasma, r=3.5, a=0.99, ωobs/ωpl = 1.1, plasma
distribution is flattened NSIS with s = 0.1, rc = 1 (the value of K can be scaled away)
Fig. 6: SDF with fixed direction ϕ¯ = 0, for cases depicted in figures 2, 3, 4, 5
C Numerical results 17
Fig. 7: SDF with fixed direction ϕ¯ = pi, for cases depicted in figures 2, 3, 4, 5
Fig. 8: SDF with fixed direction ϕ¯ = pi/2, for cases depicted in figures 2, 3, 4, 5
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a)
b)
c)
d)
Fig. 9: Backward tracing of rays in equatorial plane for cases depicted in figures 2, 3, 4, 5. The
projection treats coordinates as if they were Euclidean. The plasma distribution models are:
a) vacuum, b) homogeneous, c) NSIS d) disc-like.
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a)
b)
c)
d)
Fig. 10: Backward tracing of rays in the plane drawn through the axis of BH for cases depicted in
figures 2, 3, 4, 5. The projection treats coordinates as if they were Euclidean. The azimuthal
dependence is not depicted. The plasma distribution models are: a) vacuum, b) homogeneous,
c) NSIS d) disc-like. Negative values on the horizontal axis indicate that the ray has passed
through south/north pole.
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